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Abstract
Roubı´cˇek proposed a model [T. Roubı´cˇek, Incompressible ionized fluid mixtures, Contin. Mech. Thermodyn. 17 (2006)
493–509] of incompressible liquid mixture of ionized constituents with transport and thermodynamic properties. Here we deduce
the similar model using Truesdell’s model of a reacting fluid mixture with linear transport properties [I. Samohy´l, Thermodynamics
of Irreversible Processes in Fluid Mixtures, Teubner, Leipzig, 1987].
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1. Introduction
There are two main strands in the theory of mixtures: the original one, e.g. linear irreversible thermodynamics [5,
6], formulates mass balance only for particular constituents (components of mixture) with other balances (momentum
etc.) being formulated for the mixture. Taking here the properties of the mixture as our primitives has the advantage of
direct accessibility in practice, but the disadvantage of difficulty (and therefore different among authors) of formulation
of balances of energy or the Second Law (especially in heat and diffusion fluxes).
The newer Truesdell or rational thermodynamic conception [7,9,10,4,3] simply formulates all balances for
particular constituents, taking their properties as primitives. These properties are the ones that cause the difficulties
with accessibility and measurements. Therefore this concept has been used mainly in models of heterogeneous
(multiphase) mixtures where the properties of constituents may be taken as the properties of the pure constituents
before mixing, cf. [10].
These discrepancies were discussed in [11,3,4] where, using the property of mixture (or form) invariance, it was
shown that, at least in a most useful model of fluid mixture with linear transport, the partial thermodynamic quantities
may by calculated from the dependence of (principally measurable) mixture properties on composition (see Eqs.
(2.54) and (2.55) below).
In this paper we show how the results of Roubı´cˇek [2,1], acquired using an older method, can be obtained using
Truesdell’s conception with explicit clarification of the assumptions used. This is possible here because the model
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[2,1], namely the liquid model of chemically reacting ionic constituents with Newtonian, Fick and Fourier transport,
may be considered as a special case of a reacting fluid mixture with linear transport properties [4], [3, part IV].
2. Results for the rational thermodynamics of a reacting fluid mixture with linear transport
Here we present a summary of the results for a reacting fluid mixture with linear transport based on Truesdell’s
model (rational thermodynamics) taken mainly from [4,3,11].
The mixture is composed of n constituents denoted by Greek subscripts, with vectors and tensors indicated by
boldface type. All quantities are fields (a function of time t and space x). We start with the local formulation of balances
(see [3, Section 19–21] or [4, Sections 27, 29–32] for details) using a partial material derivative (for constituent α)
for the field ψ(x, t) defined by (vα is the velocity of α)
\α
ψ ≡ ∂ψ
∂t
+ vα · gradψ (2.1)
(if the field is ψα , we write briefly
\α
ψα =
\
ψα).
The balance of the mass of constituent α is
\
ρα +ρα div vα = rα, α = 1, . . . , n, (2.2)
where ρα is the partial density (mass of constituent α in unit volume of the mixture; we assume ρα > 0) and rα is the
reaction rate (of production or consumption of mass of α by chemical reactions in unit volume and time).
The balance of the mass of the mixture is
n∑
α=1
rα = 0. (2.3)
The balance of the momentum of the constituent α is
ρα
\
vα= divTα + ραbα + kα (2.4)
where Tα is the partial stress tensor, kα the interaction force on α coming from the other constituents and bα an outer
body force (e.g. gravity, or in [1,2], electrical forces effected on ions as constituents).
The balance of the momentum of the mixture is
n∑
α=1
ρα
\
vα +
n∑
α=1
rαvα = div
(
n∑
α=1
Tα
)
+
n∑
α=1
ραbα (2.5)
or
n∑
α=1
(kα + rαvα) = o. (2.6)
The balance of the moment of momentum for the constituent α is
Tα = TTα . (2.7)
This symmetry means that we confine ourselves to mechanically nonpolar constituents. The balance of the moment of
momentum of the mixture is simply the sum of (2.7) through all constituents.
The balance of the energy of the mixture reduces to the balance of the (specific) internal energy uα
n∑
α=1
ρα
\
uα +
n∑
α=1
rαuα = −divq+ Q +
n∑
α=1
tr(TαDα)−
n−1∑
β=1
kβ · uβ − 12
n−1∑
β=1
rβuβ · uβ (2.8)
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where q is the heat flux and Q is the heat source (radiation). The diffusion velocity uβ relative to the last constituent
(or in the Hittorf referential system) is defined by
uβ ≡ vβ − vn, β = 1, . . . , n − 1, (2.9)
and Dα is the stretching of α defined as the symmetric part of the velocity gradient Lα
Dα ≡ 12 (Lα + L
T
α ), Lα ≡ grad vα, α = 1, . . . , n. (2.10)
For a mixture having the same temperature T for all constituents (to which we confine ourselves), the energy
balances for each constituent are superfluous, cf. [3, Section 21], [11, Section 3], [4, Section 31].
Finally we note the entropy inequality (the Second Law) [8]
σ ≡
n∑
α=1
∂ραsα
∂t
+
n∑
α=1
div(ραsαvα)+ div(q/T )− Q/T ≥ 0 (2.11)
where sα is the partial entropy and σ is the entropy production.
The balances just presented contain uα , sα as primitives. Further we define the specific free energy fα
fα ≡ uα − T sα, α = 1, 2, . . . , n. (2.12)
These and other definitions (see (2.31), (2.35) and (2.36) below) of specific partial thermodynamic quantities we
denote by the unique symbol
yα = uα, sα, fα, vα, hα, gα. (2.13)
The corresponding specific thermodynamic quantities y for the mixture, namely u, s, f, v, h, g, are defined by (cf.
(2.37) below)
y ≡
n∑
α=1
wα yα (2.14)
where the mass fractions wα are
wα ≡ ρα
ρ
,
n∑
α=1
wα = 1, (2.15)
defined with the help of the mixture density ρ
ρ ≡
n∑
α=1
ρα. (2.16)
Following the standard rational thermodynamic procedure [9], we complete these general balances by constitutive
equations determining a mathematical model of the material studied. They are proposed by constitutive principles
(determinism, memory, local action, equipresence) of the fluid model of differential type giving the responses (see
(2.3), (2.6) and (2.7))
rβ , uα, sα,q,kβ ,Tα(sym), α = 1, . . . , n;β = 1, . . . , n − 1, (2.17)
as functions of densities, velocities and temperature
ργ ,hγ , vγ ,Lγ , T, g, γ = 1, . . . , n, (2.18)
and their gradients
hγ ≡ grad ργ , (2.19)
g ≡ grad T . (2.20)
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Simplifying the assumption of linear dependence in vectors and tensors in (2.18) and constitutive principles of
frame indifference (objectivity) and admissibility (Second Law (2.11) by Coleman and Noll) gives the following final
forms of the constitutive equations of a (chemically) reacting fluid mixture with linear transport properties (giving the
transport laws of Newton, Fick, Fourier, etc., below):
Reaction rates (we will use a shortened form for the independent variables with γ = 1, . . . , n)
rβ = rˆβ(T, ρ1, . . . , ρn) = rˆβ(T, ργ ), β = 1, . . . , n − 1, (2.21)
depend only on temperature and densities (generally nonlinear) similar to the following partial thermodynamic
quantities
uα = uˆα(T, ργ ), α = 1, . . . , n, (2.22)
sα = sˆα(T, ργ ), α = 1, . . . , n, (2.23)
fα = fˆα(T, ργ ), α = 1, . . . , n. (2.24)
They are connected through the relation
∂ fˆ
∂T
= −s (2.25)
using corresponding thermodynamic (specific) properties of the mixture (2.14) (which also depend on T, ργ only).
Constitutive equations for the heat flux, interaction forces and partial stresses are
q = −κg−
n−1∑
β=1
λβuβ , (2.26)
kβ = −ξβg−
n−1∑
δ=1
νβδuδ +
n∑
γ=1
ωβγ hγ , β = 1, . . . , n − 1, (2.27)
Tα = −pα1+
n∑
γ=1
ζαγ (trDγ )1+
n∑
γ=1
2ηαγ
◦
Dγ , α = 1, . . . , n, (2.28)
where all coefficients κ (heat conductivity), λβ , ξβ , νβδ , ωβγ , pα (partial pressures), ζαγ (partial volume viscosities)
and ηαγ (partial viscosities) are functions of temperature T and of densities ργ only (nonlinear ones similarly as
(2.21)–(2.24)). Here the divergenceless stretching
◦
Dα defined by
◦
Dα ≡ Dα − 13 (trDα)1, α = 1, . . . , n, (2.29)
is used. The heat flux q is independent of density gradients hγ but the interaction forces kβ depend on them through
coefficients ωβγ given by thermodynamic functions (2.24) (δβγ is the Kronecker delta with δβn ≡ 0)
ωβγ = gγ δβγ − ∂ρβ fˆβ
∂ργ
, γ = 1, . . . , n;β = 1, . . . , n − 1, (2.30)
where the (specific) partial Gibbs energy or chemical potential gα is defined by
∂ρ fˆ
∂ρα
≡ gα = gˆα(T, ργ ), α = 1, . . . , n. (2.31)
What remains is an expression for the entropy production, which we omit to write here explicitly (see
[3, Section 25], [4, Section 43]). This motivates the definition of equilibrium as zero values of g,uβ ,Dα, rβ at
which we obtain usual properties like zero heat exchange, diffusion, friction (stress tensors reduced on partial
thermodynamic pressures), chemical equilibrium (zero chemical affinities) (see [3, Section 24], [4, Section 47] for
details). At equilibrium, for example, there follows nonnegativity of transport coefficients, and that in equilibrium
(say the chemical one) is zero with the following pressure difference
186 I. Samohy´l / Computers and Mathematics with Applications 53 (2007) 182–197
1pα ≡ Pα − pα, α = 1, . . . , n, (2.32)
between the “real” partial pressure pα from (2.28) and the thermodynamic pressure Pα defined by
Pα ≡ ρα(gα − fα) = Pˆα(T, ργ ), α = 1, . . . , n. (2.33)
This difference is probably the reason why the chemical kinetics, as the difference from chemical equilibrium, cannot
be expressed using thermodynamic notions only.
Thermodynamic results permit us to define further a thermodynamic pressure of the mixture P by
P ≡
n∑
α=1
Pα, (2.34)
specific partial volumes vα and partial enthalpies hα by
vα ≡ Pα
(ραP)
, α = 1, . . . , n, (2.35)
hα ≡ uα + Pvα, α = 1, . . . , n, (2.36)
and the corresponding mixture thermodynamic properties y by (2.14), namely specific enthalpy h, Gibbs energy g
and specific volume v, e.g.
v ≡
n∑
α=1
wαvα. (2.37)
All these definitions are functions of temperature and all densities.
Using these definitions we can obtain mostly known thermodynamic equations as
v = 1
ρ
, (2.38)
n∑
α=1
ραvα = 1, (2.39)
gα = fα + Pα
ρα
= fα + Pvα, α = 1, . . . , n, (2.40)
g = f + Pv, (2.41)
h = u + Pv, (2.42)
f = u − T s, (2.43)
Pα = ρα
n∑
γ=1
ργ
∂ fˆγ
∂ρα
, α = 1, . . . , n. (2.44)
Also Gibbs equations can be obtained (we use the classical “d” in the following relations; because all quantities
here are fields, this symbol may be substituted by time, space derivatives (gradients) or material derivatives, etc.), e.g.
d(ρ f ) = −ρsdT +
n∑
α=1
gαdρα, (2.45)
du = T ds − Pdv +
n−1∑
β=1
(gβ − gn)dwβ , (2.46)
dg = −sdT + vdP +
n−1∑
β=1
(gβ − gn)dwβ , (2.47)
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and the Gibbs–Duhem equation
−sdT + vdP −
n∑
α=1
wαdgα = 0. (2.48)
Using (2.30) we can also deduce (in [3, Eq. 23.24] is mistaken)
n∑
γ=1
ωβγ dργ = dPβ − ρβdgβ + ρβ ∂ fˆβ
∂T
dT, β = 1, . . . , n − 1, (2.49)
n−1∑
β=1
n∑
γ=1
ωβγ dργ = −dPn + ρndgn − ρn ∂ fˆn
∂T
dT . (2.50)
From these results and definitions it may be seen that all specific thermodynamic partial quantities for constituents
yα and for mixture y (as well as Pα, P) are functions of temperature and densities, i.e.
yα = yˆα(T, ργ ), y = yˆ(T, ργ ), α, γ = 1, . . . , n. (2.51)
Instead of these variables, the variables T, P, w1, w2, . . . , wn−1 may be used (preferred in classical
thermochemistry usually with molar quantities, e.g. instead of wβ , the molar fractions are used, β = 1, . . . , n − 1).
We obtain such functions by inversion of thermodynamic pressure (2.34) expressed as a function of T, v, wβ for v
(see (2.16) and (2.15); this is possible in a stable mixture, i.e. one which is not breaking into more phases; see, e.g. [4,
Eq. 48.21]), i.e.
v = v˜(T, P, w1, w2, . . . , wn−1) = v˜(T, P, wβ), β = 1, . . . , n − 1. (2.52)
Then arbitrary functions of T, ργ may be expressed as a function of these new variables. Therefore we can write
(2.51) as
yα = y˜α(T, P, wβ), y = y˜(T, P, wβ), α = 1, . . . , n;β = 1, . . . , n − 1. (2.53)
It seems that the thermodynamic structure obtained is the same as that for classical thermochemistry, but this is not
the case, e.g. the Gibbs–Duhem equation (2.48) is valid for gα only. This is related to the property of mixture (or form)
invariance [11,4,3]: partial quantities (uα, sα,kα,Tα and (sometimes) q) can be changed with certain arbitrariness
without affecting the form of balances and the Second Law presented above.
As a consequence, some arbitrariness (noninvariance) of partial thermodynamic quantities yα is allowed as the
difference from invariance (and therefore measurability) of (specific) thermodynamic mixture properties y. This
arbitrariness will now be used to remove the discrepancy with the classical thermodynamic theory of solutions (see [11,
Section 8] for details). Namely, we define the partial thermodynamic quantities as follows
yn = y −
n−1∑
β=1
wβ
∂ y˜
∂wβ
, (2.54)
yβ = yn + ∂ y˜
∂wβ
, β = 1, . . . , n − 1. (2.55)
These definitions fulfil (2.14) and show the practical way of calculating them uniquely from the dependence of the
corresponding (mixture invariant) property of mixture y on composition.1 They also fulfil the classical properties [12,
13]
∂ y˜
∂wβ
= yβ − yn, β = 1, . . . , n − 1, (2.56)
1 In classical thermodynamics [13,12], which study fluid a mixture in uniform equilibrium (i.e. without space gradients of its properties), this is
equivalent to the classical definition of partial quantities as the derivatives of extensive thermodynamic function according to masses (or moles) of
constituents; cf. [12, Eq. 1.261], [11, Eq. 8.41], [3, Eq. 23.62].
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and (general) Gibbs–Duhem equations
∂ y˜
∂T
dT + ∂ y˜
∂P
dP −
n∑
α=1
wαdyα = 0, (2.57)
n∑
α=1
wα
∂ y˜α
∂wβ
= 0, β = 1, . . . , n − 1, (2.58)
and are therefore those given in [11, Theorem 8.1], [3,4].
The following classical relations are also fulfilled (cf. [3, Eqs. 23.56, 23.57])
∂ g˜α
∂T
= sα, ∂ g˜α
∂P
= vα, (2.59)
which with (2.53) give
−sα = ∂ gˆα
∂T
− vα ∂ Pˆ
∂T
= ∂ fˆα
∂T
+ P ∂vˆα
∂T
. (2.60)
From all these results for our fluid mixture model we can see the validity of all classical results of thermochemistry
not only in equilibrium but generally where transport processes and even chemical reactions (kinetics) take place.
That is, the “principle of local equilibrium” was proved in our model.
The presented results can be of course simplified to non-reacting (no chemical reactions rα ≡ 0) or simplemixtures
(without density gradients (2.4), e.g. [14] (cf. [3, Section 25], [4, Section 46]). Another special case [2,1] will be
discussed in the remaining part of this paper.
3. Some rearrangements of previous results
Previous results will now be adjusted for applications in [1,2]. In mixtures the barycentric velocity v is defined by
v ≡
n∑
α=1
wαvα (3.1)
and correspondingly barycentric diffusion velocities uwα may be defined by
uwα ≡ vα − v, α = 1, . . . , n, (3.2)
obviously with
n∑
α=1
wαuwα = o. (3.3)
Then the mixture material derivative of the field ψ(x, t) is defined by
ψ˙ ≡ ∂ψ
∂t
+ v · gradψ, (3.4)
which is customarily used for a pure constituent (α = n = 1).
From (2.1), (3.4) and (3.2) there follows the relation (cf. [4, Eq. 27.30])
\α
ψ = ψ˙ + uwα · gradψ. (3.5)
The mass balances (2.2) and (2.3) for a (even reacting) mixture may be written in the same form as for pure
constituents ([3, Note 19.1], [4, Eq. 27.24])
∂ρ
∂t
+ div ρv = 0 or ρ˙ + ρ div v = 0 (3.6)
where v is now the barycentric velocity and ρ is the density of the mixture.
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Also the balance of momentum for the mixture (2.5) can be written in the same form as for the pure constituent
(see, e.g. [3, Eq. 12.17]) if we use (3.1), (3.2), (3.5), (3.3), (3.6) and (2.2), namely
ρv˙ = divT+
n∑
α=1
ραbα (3.7)
where the mixture stress T is defined by (cf. [3, Note 20.2], [4, Section 29])
T =
n∑
α=1
(Tα − ραuwα ⊗ uwα ). (3.8)
The constitutive equation (2.28) can also be written in the form
Tα = −Pα1+ TNα (3.9)
with thermodynamic pressure Pα (2.33), where the partial nonequilibrium stress TNα is defined by
TNα ≡ 1pα1+
n∑
γ=1
ζαγ (trDγ )1+
n∑
γ=1
2ηαγ
◦
Dγ , α = 1, . . . , n, (3.10)
which are zeros in equilibrium (see (2.33) and (2.32)).
Using (3.9) we can, e.g., write the momentum balance (2.4) as
ρα
\
vα = −grad Pα + divTNα + ραbα + kα. (3.11)
Results for vectorial transport phenomena (2.26) and (2.27) are usually expressed through the diffusion flux jβ
defined with (2.9) as follows
jβ ≡ ρβuβ = ρβ(vβ − vn), β = 1, . . . , n − 1, (3.12)
(relative to the last constituent or in the Hittorf referential system).
To obtain diffusion fluxes we arrange (2.27) as follows: we eliminate the interaction force by momentum balance
(3.11) and write here (2.49) with gradients
n∑
γ=1
ωβγ hγ − grad Pβ = −ρβ(grad gβ)T + ρβ
(
sβ + ∂ fˆβ
∂T
)
g (3.13)
where the isothermal gradient of the chemical potential is defined by
(grad gα)T ≡ grad gα + sαg =
n−1∑
β=1
(
∂ g˜α
∂wβ
)
gradwβ + vαgrad P, α = 1, . . . , n. (3.14)
With (3.11) and (3.13) the constitutive equation (2.27) gives
−
n−1∑
β=1
νβδuδ = ρβyβ +
(
ϑβ − λβT
)
g, β = 1, . . . , n − 1, (3.15)
where we define the driving force of diffusion by
yβ ≡ (grad gβ)T − bβ+
\
vβ − 1
ρβ
divTNβ , β = 1, . . . , n − 1 (3.16)
(note that in equilibrium g = o, uβ = o, also yβ = o) and ϑβ is defined as
ϑβ ≡ λβT + ξβ − ρβ
∂ fˆβ
∂T
− ρβsβ , β = 1, . . . , n − 1. (3.17)
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Assuming that the matrix of coefficients νβδ is regular we eliminate the diffusion velocities uδ from (3.15). Inserting
them into (3.12) and (2.26) we obtain at last the classical phenomenological equations (see [3, Eqs. 27.9, 27.10], [6])
−jδ =
n−1∑
β=1
Lδβyβ + (Lδq/T )g, δ = 1, . . . , n − 1, (3.18)
−q =
n−1∑
δ=1
Lqδyδ + (Lqq/T )g, (3.19)
where phenomenological coefficients Lδβ , Lδq , Lqδ, Lqq are combinations of transport coefficients in (2.26)
and (2.27) κ, λβ , ν−1δβ (inverse of νβδ) and ϑδ (3.17); explicitly see [3, Eqs. 27.11–14], [4, Eqs. 51.10–13].
Phenomenological coefficients are functions of T, ργ only and in linear irreversible thermodynamics additionally
their symmetry is assumed (Onsager reciprocity) [6,5]
Lδβ = Lβδ, Lδq = Lqδ, β, δ = 1, . . . , n − 1, (3.20)
which is valid if νβδ are symmetric and ϑ = 0 (cf. [3, Section 27]). These characterize cross effects, like the Soret and
Dufour effects below. In traditional application [6,5] of (3.18) and (3.19) the last two members in the driving force
(3.16) (acceleration and friction) are usually neglected and with (3.14) we obtain for (3.18)
−jδ =
n−1∑
ζ=1
Dnwδζ gradwζ +
n−1∑
β=1
Lδβvαgrad P −
n−1∑
β=1
Lδβbβ + (Lδq/T )g, δ = 1, . . . , n − 1, (3.21)
where first members describe the Fick law for the concentration diffusion with diffusion coefficients (diffusivities)
Dnwδζ (in the Hittorf system for concentration gradients expressed through mass fractions) defined by
Dnwδζ ≡
n−1∑
ζ=1
Lδβ
∂ g˜β
∂wζ
, δ, ζ = 1, . . . , n − 1, (3.22)
the second members in (3.21) describe barodiffusion, the third members forced diffusion (by outer body forces bβ ) and
the last member thermodiffusion (the Soret effect). In a similar way it is possible to rearrange the phenomenological
equation (3.19) and we obtain another cross effect of Dufour (heat flux caused by diffusion). Neglecting it (Lqδ = 0)
we obtain the classical Fourier law for heat conduction
q = −κg (3.23)
(namely, λβ = 0 and Lqq = κT , see (2.26)). All these coefficients like diffusivities, heat conductivity, etc. are
functions of T, P, wβ (or T, ργ ). For details see [6,5], [4, Section 51,52]; here we only note that the main law of
diffusion – Fick’s law – may have many forms depending on:
- molar and mass units used in fractions, densities, diffusion fluxes etc.; here we choose the mass units only,
- “referential” velocity to which diffusion is considered.
Above, we used the velocity of the last constituent (the Hittorf system) with diffusion velocities (2.9) and diffusion
fluxes (3.12). In application [1,2] discussed below in Section 4 (where besides the concentration forced diffusion by
electric field on ionic constituents is also discussed) the barycentric velocity v from (3.1) was used as the referential
one. Correspondingly one can define the barycentric diffusion flux jwα (see (3.2))
jwα ≡ ραuwα = ρα(vα − v), α = 1, . . . , n, (3.24)
which, by (3.3), satisfies
n∑
α=1
jwα = o. (3.25)
Therefore only n − 1 diffusion fluxes are independent (similarly for Hittorf fluxes (3.12) and other diffusion fluxes
[19, Section 16]).
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Transformation of Hittorf diffusion fluxes to barycentric diffusion fluxes is given by
jwβ = jβ − wβ
n−1∑
δ=1
jδ, β = 1, . . . , n − 1, (3.26)
as may be seen from definition (3.12) and (3.24).
Nowwe should insert (3.21) into (3.26) to obtain all these laws for a barycentric frame.Without going into detail we
do it only for very simplified case of [1,2] in Section 4. Namely, there are also other referential velocities (e.g. volume
averaged velocity using ραvα instead of mass fractions in (3.1) describing diffusion in nonelectrolytes). All these
possibilities give in principle the same form of Fick’s law for concentration diffusion but with different diffusion
coefficients, e.g. for jwβ the barycentric diffusion coefficients with concentration gradients expressed by mass fractions
Dwwβζ are related to (3.22) as
Dwwβζ ≡ Dnwβζ − wβ
n−1∑
δ=1
Dnwδζ , β, ζ = 1, . . . , n − 1. (3.27)
All such possible recalculation are discussed in [6], [4, Section 52]. Luckily, many possible diffusivities reduce to
one in practically important cases, e.g. in dilute solutions, and as such are measured and tabulated, cf. [19, Section 16].
4. Roubı´cˇek’s model by Truesdell’s mixture model
To model living subcellular processes in biology, Roubı´cˇek [2,1] proposed the study of liquid (mostly diluted
water) mixtures of reacting, often (electrically) charged, constituents (ions) with linear transport (Newtonian viscosity,
heat conduction, concentration and forced diffusion in electrical fields; magnetic and cross effects being neglected).
Roubı´cˇek [2,1] modelled his differential equations on older mixture theory [6,5]; here we deduce these results using
Truesdell’s concept outlined in previous paragraphs in which the various approximations may be easier to understand.
Because we study solutions which are liquid, i.e. fluid mixtures with very small compressibility, the influence
of pressure on solution properties may be neglected (even influencing the flow, cf. [2, Eq. 1a]). It is therefore
advantageous to use as independent variables T, P, wβ whenever possible, neglecting pressure P , e.g. the density
of a mixture ρ is a function of T, wβ (see (2.52) and (2.38)). Such a concept of incompressibility as independent of
pressure was proposed by Mu¨ller [15, Section 1.5], and for a mixture of density ρ, moreover, applying his arguments
on mixtures,2 it may be asserted that density of such mixture (or v by (2.38)) is independent even of temperature
ρ = ρ˜(wβ), v = v˜(wβ), (4.1)
i.e. the density of incompressible mixture depend on composition only. In the special case of a pure incompressible
fluid (α = n = 1) this gives
ρ = const. or ρ˙ = 0 (4.2)
with (3.4) (cf. Mu¨ller’s original argument in [15, Section 1.5] used similarly in footnote2); (4.2) is often used as a
definition of incompressibility, e.g. [16,17]. Using (4.1) in definition (2.54) and (2.55) we obtain that partial volumes
2 For a compressible fluid mixture it follows from the Gibbs equation (2.46) and (2.38) that
ds = 1
T
du − P
Tρ2
dρ +
n−1∑
β=1
gβ − gn
T
dwβ .
Inserting here differentials of functions u = u˜(T, P, wβ ) and ρ = ρ˜(T, P, wβ ) we obtain the differentials of s = s˜(T, P, wβ ). Using integrability
conditions ∂
2 s˜
∂T ∂P = ∂
2 s˜
∂P∂T we obtain at last
∂ u˜
∂P
= T
ρ2
∂ρ˜
∂T
+ P
ρ2
∂ρ˜
∂P
.
Looking at incompressible mixture as the limit of the compressible one neglecting pressure dependence of these function, i.e. ∂ u˜
∂P = 0 and ∂ρ˜∂P = 0,
we obtain ∂ρ˜
∂T = 0 and therefore (4.1).
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in an incompressible mixture are also a function of composition only vα = v˜α(wβ) and expression (2.37) for an
incompressible mixture is
v = v˜(wβ) =
n∑
α=1
wα v˜α(wβ). (4.3)
We adopt an additional assumption usually used in discussion of incompressible mixtures [10,18] that partial volumes
are even independent of composition
vα = 1
ρ0α
= const. (4.4)
Then (4.3) expresses the volume additivity at mixing (Amagat’s law) because ρ0α may be interpreted as the constant
density of the pure incompressible fluid constituent before mixing (cf. (4.2)), i.e.
1
ρ
=
n∑
α=1
wα
(
1
ρ0α
)
(4.5)
by (4.3), (4.4) and (2.38) with ρ = ρ˜(wβ) even in this volume-additive incompressible mixture. Even the mass
balances for mixture can be written formally as for pure constituents (3.6), the typical result [16,17] for pure
incompressible fluid (following from (4.2)), namely
div v = 0, (4.6)
is not generally valid for an incompressible mixture (this time with barycentric velocity v) because, even fulfilling
the volume additivity (4.5), the density of a mixture depends on composition (4.1). Nevertheless, motivated by
the incompressibility of pure material, the condition (4.2), and therefore (4.6) by (3.6), is often used even for an
incompressible mixture, just as in [2,1], for example; but this needs some additional assumptions like:
- restriction to a chemically nonreacting incompressible mixture; Eq. (4.2) are valid, because the composition is
constant (all w˙β = 0).
- another possibility used in [2,1] for a volume-additive incompressible (even reacting) mixture is the assumption of
equality of densities ρ0α of all pure constituents which are, by (4.5), equal to the density ρ of the mixture
ρ0α = ρ = const. α = 1, . . . , n. (4.7)
This is (4.2) for mixtures.3
- another assumption plausible at the same time in model [2,1] is to consider it as a dilute, water solution (water
is the nth constituent). Then the barycentric velocity v is practically equal to vn (see definition (3.1) where
wβ  wn, β = 1, . . . , n − 1) and the mixture density is approximately constant and equal to the density of pure
water (see (4.5)); its mass balance (2.1) and (2.2) (α = n) gives the result (4.6) needed for such mixture because
rn = 0 (at least approximately, water of course may take part in other chemical reactions, but to a negligible extent).
All these assumptions seem crude in the modelling of subcellular solutions in living tissues in [2,1] but are still
plausible, including incompressibility (because of the atmospheric pressure, liquid water dilutes mixtures, which
may be heterogeneous with similar densities of constituents). Note that, as follows from (4.5), (4.7) and (2.15), the
quantity ρα/ρ0α may be interpreted as volume fractions (in fact, this is the specialization of fractions in (2.39) for
an incompressible mixture) and such fractions are used in incompressible mixtures of [2,1]. In this volume-additive
3 This is valid even in more general incompressible mixture without (4.4). Namely, by (4.3), the Gibbs–Duhem equation (2.58) (for y = v) and
(2.15) (
∑n
α=1 w˙α = 0) we have
v˙ =
n∑
α=1
vαw˙α +
n−1∑
β=1
w˙β
n∑
α=1
wα
∂v˜α
∂wβ
=
n∑
α=1
vαw˙α =
n−1∑
β=1
w˙β (vα − vn).
Therefore v˙ = 0 (i.e. ρ˙ = 0 by (2.38)) if all partial volumes are the same, but not constant as in (4.4). A volume-additive incompressible mixture
with (4.7) is a special case.
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incompressible mixture the additional assumption (4.7) is also valid and these volume fractions are the same as the
mass fractions wβ (2.15). Therefore in this model [2,1] the density of the mixture is the constant and the classical
property (4.6) is valid. To compare our results with those in [1,2] we must have in mind that we use the mass fractions
instead the volume fractions and that many results there are divided by the constant density noted above.
Now we try to deduce Navier–Stokes equations [2, Eq. 1a], [1, Eq. 2.1a] from previous results. Momentum balance
for the mixture (3.7) has the same form as in pure material with the barycentric velocity v and the mixture stress (3.8).
The Eq. (3.7) can be written by (3.4) in the form
ρ
∂v
∂t
+ ρ(grad v)v = divT+
n∑
α=1
ραbα (4.8)
but the mixture stress T from (3.8) also contains the barycentric diffusion velocities uwα . Most of the applications
of mixture flows, including [2,1], study viscous flows with a barycentric velocity and the diffusion is considered
separately with negligible effect on such flows. Therefore we can disregard diffusion in flow studies and assume
uwα ≈ o, α = 1, . . . , n, (4.9)
Dα ≈ D ≡ 12 (L+ L
T ), α = 1, . . . , n, (4.10)
where L is the gradient of the barycentric velocity v, i.e.
L ≡ grad v. (4.11)
We can also neglect the diffusion velocities in mixture stress (3.8) if it describes the flow
T =
n∑
α=1
(Tα − ραuwα ⊗ uwα ) ≈
n∑
α=1
Tα. (4.12)
Constitutive equations for partial stresses are given (3.9) with (3.10). Using here approximations (4.10) (and neglecting
1pα) we can write for the mixture stress
T = −P1+ ζ(trD)1+ 2η ◦D (4.13)
with (2.29) and
◦
D= D − 13 (trD)1 and where the volume viscosity ζ and the mixture viscosity η of the mixture are
defined by
ζ ≡
n∑
α=1
n∑
γ=1
ζαγ , (4.14)
η ≡
n∑
α=1
n∑
γ=1
ηαγ . (4.15)
They are functions of T and ρα (or wβ ) and, in fact, these quantities are usually used (and measured) in a flow of
mixtures with negligible diffusion (4.9); even so the volume viscosity ζ is not an easily measurable quantity. Yet,
[1,2] study the incompressible model with approximation (4.6). Therefore
div v = trD = 0 (4.16)
and the constitutive equations for mixture stress (4.13) reduce to
T = −P1+ 2ηD. (4.17)
This constitutive equation will now be inserted in the momentum balance (4.8)
ρ
∂v
∂t
+ ρ(grad v)v = −grad P + 2div ηD+
n∑
α=1
ραbα. (4.18)
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If the viscosity coefficient is constant, and this is the usual case, we obtain the Navier–Stokes equation for a mixture
ρ
∂v
∂t
+ ρ(grad v)v+ grad P − ηdiv grad v =
n∑
α=1
ραbα. (4.19)
This is the result [1, Eq. 2.1a] (or [2, Eq. 1a]); it seems more plausible to consider transport coefficients as
constants [1] than functions of temperature and composition [2].
In Section 3 we considered the diffusion fluxes in the Hittorf referential system (3.21); we use it now for discussion
of diffusion in [1,2] after considerable simplifications:
First, we confine ourselves to isobaric and isothermal diffusion common in tissue cells; then (3.21) gives
jδ = −
n−1∑
ζ=1
Dnwδζ gradwζ +
n−1∑
β=1
Lδβbβ , δ = 1, . . . , n − 1, (4.20)
and we consider outer volume forces bβ which are electrostatic only, motivated by applications in ion solutions [1,2].
Then this force interacts with constituent (ion) α having an electrical charge, say zαF in 1 mol of such ions where F
is the Faraday charge (product of the elementary electrical charge and Avogadro’s number, 96 485 C/mol) and zα is
their number (positive for cations, negative for anions, e.g. for the sulfate anion zα = −2). In the electrostatic potential
φ this force for the mass unit is given by
bα = − zαFMα gradφ = −
eα
ρ
gradφ, α = 1, . . . , n, (4.21)
with “electrical charge” [1,2] defined as (Mα is the molar mass)4
eα ≡ ρ zαFMα . (4.22)
Therefore Fick’s law for concentration and forced diffusion in the Hittorf system (4.20) is5
jδ = −
n−1∑
ζ=1
Dnwδζ gradwζ −
n−1∑
β=1
Lδβ
eβ
ρ
gradφ, δ = 1, . . . , n − 1, (4.23)
where the diffusion coefficients are given by (3.22) which are functions (similar to Lδβ which are also in (3.22)) of
T, P, wβ or rather T, wβ in this incompressible model [1,2], cf. discussion above.
Following [1,2] we use further simplifications of (4.23), namely we neglect the off-diagonal elements of
diffusivities Dnwδζ and mobilities Lδβ against the diagonal ones (they mostly differ in order); then (4.23) reduces
to
jδ = −ρDδgradwδ − ρΛδwδeδgradφ, δ = 1, . . . , n − 1, (4.24)
4 The r.h.s of the Navier–Stokes equation (4.19) is
∑n
α=1 ραbα =
∑n
α=1 wαρbα . Because wα are the same as volume fractions in [1,2] (cf.
discussion of (4.7)), the body forces (on the constituent) are ρbα and the electric charge is (4.22) (cf. [1, Eq. 2.1a] and (4.21)).
5 We also note that the electrochemical potentialMα (in molar units) can be defined [13] by
Mα ≡ µα + zαFφ
for an ion with the charge zαF in the electrostatic potential φ (molar chemical potential is µα = Mαgα). Then we can write the driving force of
diffusion (3.16) (in simplified form without acceleration and friction, cf. (3.21)) as the gradient of the electrochemical potential
yβ =
1
Mβ
gradMβ , β = 1, . . . , n − 1.
The electrochemical potential also has further properties similar to µα , e.g. equality in a phase equilibrium, which gives Nernst’s equation for the
electrode potential.
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where we use Dnwδδ = ρDδ and the fact that the phenomenological coefficient (of ions) is proportional to the partial
density Lδδ = ρΛδρδ .6
Yet, moreover, the coefficients Dδ,Λδ are roughly the same for all constituents; we denote them D,Λ, respectively.
This approximation is comparable with (4.7) in crudeness even if some constituents are not, e.g. macromolecules.
Then the diffusion fluxes (4.23) reduce to
jδ = −ρDgradwδ − ρΛwδeδgradφ, δ = 1, . . . , n − 1. (4.25)
But [1,2] use the barycentric diffusion fluxes jwδ which may be obtained from (3.26) using (4.25). In this way we
obtain
jwβ = −ρDgradwβ − ρΛwβeβgradφ + wβρD
n−1∑
δ=1
gradwδ + wβρΛ(q − wnen)gradφ, β = 1, . . . , n − 1,
(4.26)
where we use the total charge q in unit volume which is clearly (see (4.22)),
q =
n∑
α=1
wαeα =
n∑
α=1
ρα
zαF
Mα
, (4.27)
cf. [1,2] where q is supposed to be nonvanishing, although expectedly small (in classical electrochemistry it is
supposed to be zero in the “condition of electroneutrality”, cf. [20]). We now use an approximation of a dilute
solution in water (nth constituent, cf. under (4.7)), and neglect the third term in (4.26) wβρD
∑n−1
δ=1 gradwδ =−wβρDgradwn ≈ o and consider wn ≈ 1. Water has also zero charge zn = 0, en = 0. Then
jwα = −ρDgradwα − ρΛwα(eα − q)gradφ, α = 1, . . . , n, (4.28)
where for α = 1, . . . , n − 1 this follow from (4.26) and for α = n consequently from (3.25). But this is exactly the
result [1, Eq. 2.1b] or [2, Eqs. 1b,5] (his diffusion fluxes are jwα / ρ) and we can see that the “reaction force” in [1,2]
is simply the consequence of transformation (3.26) of diffusion fluxes from the Hittorf to the barycentric system.
The balance of mass for each constituent (2.2) substituted by (3.24) is
∂ρα
∂t
+ div(jwα + ραv) = rα, α = 1, . . . , n, (4.29)
which are the same as [1, Eq. 2.1b] or [2, Eq. 1b] (divided by constant ρ according to his definitions of diffusion fluxes
and reaction rates; wα are his volume fractions).
It remains, using Truesdell’s theory of mixture above, to obtain the “heat equation” in [1, Eq. 2.1d], [2, Eq. 1d].
We start with the energy balance of the mixture (2.8), where in the r.h.s. we rearrange the following term by (3.9)
and (2.2)
n∑
α=1
tr(TαDα) = −
n∑
α=1
PαtrDα +
n∑
α=1
tr(DαTNα )
= −
n∑
α=1
Pα
ρα
rα +
n∑
α=1
Pα
ρα
\
ρα +
n∑
α=1
tr(DαTNα ) (4.30)
6 Since Dnwδδ , Lδδ depend on densities, density ρ may be added; namely tabulated data like Dδ have the dimension m
2/s (cf., e.g. [19,
Section 16.2], but this may be even proved by a general transformation of the type (3.26)). Eq. (4.24) describes ionic conductivity if gradwδ = o
and usually vn ≈ o (velocity of solvent, usually water). By (3.12) and (4.23) vδ = Lδδρδ
zδF
Mδ
(−gradφ). From experience (and a molecular picture,
see, e.g. [20, Section 10]) it follows that mobility (ion velocity in unit electrical field) Lδδρδ
zδF
Mδ
must be constant in the limit ρδ → 0. From this
there follows the proportionality mentioned with constancy of Λδ in dilute solutions at least.
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and we insert in (2.8) also for the interaction force kβ from the momentum balance (3.11). We obtain after
rearrangement
n∑
α=1
ρα
\
uα +divq =
n∑
α=1
tr(DαTNα )+
n−1∑
β=1
ρβbβ · uβ −
n∑
α=1
rαhα
+ Q +
n∑
α=1
Pα
ρα
\
ρα −
n−1∑
β=1
ρβ
\
vβ ·uβ −
n−1∑
β=1
uβ · grad Pβ +
n−1∑
β=1
uβdivTNβ −
1
2
n−1∑
β=1
rβuβ · uβ (4.31)
where the definition of the partial enthalpy (2.36) (with (2.35)) was used.
We rearrange the following two terms in (4.31) with (2.35), (3.5) and (2.39) (material derivative of which is zero)
n∑
α=1
Pα
ρα
\
ρα= P
n∑
α=1
vα
\
ρα= −P
n∑
α=1
v˙αρα + P
n∑
α=1
vαuwα · grad ρα, (4.32)
n∑
α=1
ρα
\
uα=
n∑
α=1
ρα u˙α +
n∑
α=1
ραuwα · grad uα, (4.33)
and further we change the diffusion velocities by (2.9) and (3.2)
uβ = uwβ − uwn . (4.34)
Finally we rearrange the following term in (4.31)
n−1∑
β=1
ρβbβ · uβ =
n−1∑
β=1
ρβbβ · (uwβ − uwn )
=
n∑
α=1
bα · jwα − uwn ·
n∑
α=1
ραbα =
n∑
α=1
bα · jwα − quwn · gradφ (4.35)
where (4.34), (3.24) and (4.27) were used.
The balance of energy (4.31) can then be written:
n∑
α=1
ρα u˙α + divq =
n∑
α=1
tr(DαTNα )+
n∑
α=1
bα · jwα −
n∑
α=1
rαhα + Q
− P
n∑
α=1
v˙αρα − quwn · gradφ + P
n∑
α=1
vαuwα · grad ρα
−
n∑
α=1
ραuwα · grad uα −
n−1∑
β=1
ρβ
\
vβ ·(uwβ − uwn )−
n−1∑
β=1
(uwβ − uwn ) · grad Pβ
+
n−1∑
β=1
(uwβ − uwn )divTNβ −
1
2
n−1∑
β=1
rβ(uwβ − uwn ) · (uwβ − uwn ). (4.36)
We now apply the approximation given above and in [1,2]. Because the diffusion velocity may be neglected (4.9),
partial volumes are constants (4.4), (4.7) v˙α = 0 and radiation is neglected Q = 0 (the first term in the r.h.s. of (4.35)
is important because of the electrical force and it is much greater then the second term; q is probably small, cf. the
discussion of (4.27)). Therefore we can write the energy balance (4.36) approximately as
n∑
α=1
ρα u˙α + divq =
n∑
α=1
tr(DαTNα )+
n∑
α=1
bα · jwα −
n∑
α=1
rαhα. (4.37)
Here we can insert the constitutive equations for nonequilibrium stresses, partial internal energies and heat flux and
admit further simplifications.
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Using constitutive equations for stresses (3.10) (neglecting 1pα) and by approximation (4.10), (4.16) and (4.15),
we obtain
n∑
α=1
tr(DαTNα ) =
n∑
α=1
n∑
γ=1
ζαγ (trDα)(trDγ )+ 2
n∑
α=1
n∑
γ=1
ηαγ tr(Dα
◦
Dγ ) ≈ 2ηtrDD. (4.38)
The partial internal energy uα may be considered mainly as a function of temperature (similarly as enthalpy hα) [1,2]
and therefore u˙α = cvα T˙ with the (specific) heat capacity defined as cvα ≡ (∂ u˜α/∂T ). Then, by (3.4), with the heat
capacity of the mixture defined by cv ≡∑nα=1wαcvα and with approximation (4.6) and (4.7) that not only ρ but also
cv are practically constant, we have
n∑
α=1
ρα u˙α = ρcv T˙ = ρcv ∂T
∂t
+ ρcvv · g = ρcv ∂T
∂t
+ div(ρcvvT ). (4.39)
Inserting (4.38) and (4.39) and the (simplified) constitutive equation for the heat flux (Fourier law) (3.23) into (4.37)
we obtain the “heat equation” as
ρcv T˙ − div(κg− ρcvvT ) = 2ηtr(DD)+
n∑
α=1
bα · jwα −
n∑
α=1
rαhα. (4.40)
This is in principle the result of [1, Eq. 2.1d] or [2, Eq. 1d] (in which enthalpy and heat capacity are related to a unit
volume).
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